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Abstract 

We prove that a weaker Kolmogorov's type of asymptotic criteria is not only 
sufficient but also necessary for purity. As an application of our main results, 
we prove a translation invariant pure state on a two sided quantum spin chain 
in lattice dimension one gives rises only type-I or type-Ill factor when it is 
restricted to one side of the quantum spin chain. Further in case the restricted 
state is type-I then it admits Kolmogorov's property. We give a complete 
classification for the class of translation invariant dynamics on quantum spin 
chain which admits Kolmogorov's property. The main result says that two 
translation dynamical systems with states admitting Kolmogorov's property 
are isomorphic. It surprises once more that our intuition in classical probability 
has it's limitation to understand quantum situation as class of isomorphism in 
the quantum spin chain need not be local as in Ornstein's isomorphism [Or]. 
We also extend results on one-dimensional lattice to higher dimensional lattices. 



1 Introduction: 



Let B = ^^kMd{C) be the uniformly hyper-finite C*-algebra over the lattice 
Z'' of dimension A; > 1, where M^iC) be the d x d-matrices over complex field 
C A state on i3 is called translation invariant if u{x) = u!{9fn{x)) where 
rh = (mi, m2, ., mfc) and 9m is the translation induced by — t- + m for all 
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z G 'M^ . It is well known since late 60's [Pol] that a translation invariant state 
is a factor state if and only if 

for all x, y e ^ as |m| — )■ oo. Such a criteria is used extensively to show that 
KMS states of a translation invariant Hamiltonian on the lattice forms a sim- 
plex and it's extreme points are translation invariant factor states. For more 
details and an account until 1980 we refer to [BR-vol2] and also [Sim] for later 
edition. In particular this criteria also used to prove existence of phase transi- 
tion in positive temperature for various class of translation invariant Hamilto- 
nian by Powers [Po2] , Ruelle [Ru] and many other authors (see citation within 
[BR-vol-2] ). Such an elegant criteria were missing for a translation invariant 
pure state. 

A semi-group of endomorphism (a* : t e ir+) on a von-Neumann algebra 
A is called by R. T. Powers [Po4] a shift if f]t>o C(t{A) = C William Arveson 
raised question in the introduction of his paper [Arl] on the merit of R. T. 
Power's notion of shift [Po4] as no clear connection were visible whether such 
a shift is unitary equivalent to direct sum of semi-group of endomorphism 
implemented by usual one-sided shift on L^(ir+). At this stage we recall a semi- 
group of isometry ^7^ : t > on a Hilbert space "H is called shift if C\t>Q UfH = 
{0} and such a shift is unitary equivalent to direct sum of unilateral shift on 
L'^{ir+) given by Utf{x) — f{x — t) ior x > t otherwise 0. William Arveson 
called the above mathematical property as pure and explored how such a notion 
is related to an invariant normal state -00 to be absorbing i.e. | \ipat — V'ol I 
as t — )■ oo for any normal state ip on A. However it is known there after [BJP] 
that there are examples of shift in the sense of [Po4] which does not admit an 
invariant normal state on A and thus notion of purity in the sense of [Arl] is 
relevant when such an endomorphism admits an invariant normal state. In such 
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a case William Arvcson proved that Power's shift property is equivalent to the 
invariant state to be absorbing. However the question William Arveson puts 
on the merit of calling it a shift by Power's remained unanswered even when it 
admits an invariant normal state and neither it is clear why such a shift is called 
pure as only for a special situation it was shown that such an endomorphism 
on the algebra of bounded operators on a Hilbcrt space with finite dimensional 
support projection is co-cycle conjugate to CCR flows [Ar2] . On the other hand 
the GNS space associated with the unique trace on Bq — ®z:+Md{C) with the 
unilateral shift gives a simple example of a shift in the sense of Powers whose 
inductive limit state is also the unique trace on B = ®^Id{C) and thus 
not pure. It is clear that Power's criteria is not enough to ensure inductive 
limit state to be pure. A systematic attempt has been made in [BJKW] for a 
sufficient condition for purity focusing on a spacial situation where the lattice 
dimension is one. However the main statement given in the last section of the 
paper namely Theorem 7.1 in [BJKW] is faulty (see also [KMSW] for comments 
on this work and [Mo4] for a remedy with correct statements and proof which 
uses results of section 2 of the present paper ). Thus Powers's notion of shift is 
not the right analogue of shift in the traditional sense of classical probability 
theory where shift is also accompanied by a filtration i.e. a tower of two sided 
a — fields as formulated in Kolmogorov- Sinai theory [Pa] on dynamical systems 
or Kolmogorov's shift as a generalization of Bernoulli shift. In this present 
exposition we adopt the classical point of view as in the originally proposed 
[AM] for a notion of Kolmogorov's shift valid in the present context which 
was investigated in details in [Mol,Mo2]. Here we aim to continue that fine of 
investigation to complete the program in a more general C*-algebraic set up. 
In the following we briefly outline our main results of this paper. 

Let iT be either iR or ^ and r+ = {t > : t e T}. Let be a C* algebra, 
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(At : t > 0) be a semi-group of injective endomorphisms and tp be an invariant 
state for {Xt ■ t > 0). We extend (Aj) to an automorphism on the C* algebra 
B[_oo of the inductive hmit 

Bo Bo Bo 

and extend also the state ip to B[-oo by requiring (At) invariance. Thus there 
exists a directed set ( i.e. indexed by iT , by inclusion C B[^t if and only 
if t > s ) of C*-subalgebras B^t of >B[_oo so that the uniform closure of \Jseir ^[s 
is iB[_oo- Moreover there exists an isomorphism 

( we refer [Sa] for general facts on inductive hmit of C*-algebras ). It is simple 
to note that if — XfO io is an isomorphism of Bo onto B[t and 

on Bo- 

Let ("HjTTjf^) be the GNS space associated with (i3[_oo, ^[-oo) and (At) be 
the unique normal extension to 7r(i5[_oo)"- Thus the vector state i/jq^X) =< 
fl,Xfl > is an invariant state for automorphism (At). As At(;B[o) Q B^p for all 
t > 0, {'k{B[o)", At, t > 0, if^ci) is a quantum dynamics of endomorphisms. Let 
Ft] be the support projection of the normal vector state ft in the von-Neumann 
sub-algebra 7r(i3[t)". Ft] G 7^{B[t)" C 7r(S[_oo)" is a monotonically decreasing 
sequence of projections as t — )■ — oo. Let the projection F_oo] be the limit. 
Thus F_oo] > [7r(i3[_oo)'f^] > |0 >< 0|. So F_oo] = |0 >< 0| is a sufficient 
condition for '(/'[-oo on B[_oo to be pure. We say the dynamics {Bq, Xt '■ t > 0, il^o) 
satisfies Kolmogorov's property if F_oo] = \^ >< 

We also consider the GNS space ("Hy,;,, tt^^, Qq) associated with {Bo,ipo) 
and set P — [7r^o(B)'Qo] for the support projection of the state ipo on the 
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von-Neumann algebra 7i{Bo)". Let (Aj : t > 0) be the induced semi-group of 
endomorphism on t:^^{Bq)" associated with (A^ : i > 0). P being the support 
projection of V'o in tt^oI-^o)", we have V^o(-PAt(l-P)P) = V^o(At(l-P)) = V^o(l- 
P) = 0, and so \t{P) > P for all t>0. Thus the map n : Ao ^ Ao defined by 
Tt{x) = PXt{PxP)P [Mo2] is a semi-group of unital completely positive normal 
maps on Aq where Aq = Pti^^{Bq)" P is the corner von-Neumann algebra acting 
on the subspace fC — PH. The state 4'q{x) —< ilo.,PxPilo > is faithful and 
normal on and invariant for {rt : t >0). 

In [Mol] we have shown that the state (-Bo, At : t > OjV^o) admits Kol- 
mogorov property if and only if (f)Q{Tt{x)Tt{y)) — >■ (f)o{x)(f)Q{y) for all x,y & Aq 
as /: — > oo. Using separating property of Q for Aq, we easily check that the cri- 
teria is equivalent to rt{x) (f)o{x)l as t ^ oo for all x G vAo in strong operator 
topology. However this condition is not necessary (see section 3 ) for purity as 
there are cases where (r^) is a semi- group of endomorphisms with pure induc- 
tive limit state ip[-oo- Thus purity is a weaker notion then the Kolmogorov's 
shift property. 

Here we refine first our work [AM,Mol,Mo2] on dilation problem associated 
with (^0) Tt : t > 0, ^o) as a motivation to prove in section 3 that '0[-oo is pure if 
and only if for each t > 0, there exists element Xt G Aq so that for each s > 0, 
(l)o{Tt{x)xl^fXs+trt{y)) (f)o{x)(f)o{y) as t ^ oo for all x,y e Ao- Exploring 
the time reverse backward process, we also find it's relation with asymptotic 
behavior of KMS adjoint Markov semi-group {Aoift.,(j)o) [AcC,OP,Mol]. A 
direct proof of an equivalent criteria on dual Markov semi-group without using 
the dual process is not visible. Further purity also says that Q = {x E Aq : 

Tt{x*)Tt{x) = Tt{x*x),Tt{x)Tt{x*) = Tt{xX*), (7sTt{x) = Tt(7s{x) t > 0, S e M} IS 

equal to trivial von-Neumann sub-algebra {zl : z G C}, where {ag : s G JR) is 
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the Tomita's modular group on associated with faithful normal state 0o- 

As a continuation of our work done on type of factor arises in the dilation 
problem [Mo3] we also prove that a pure inductive limit state (0[_oo, >B[_oo) 
once restricted to B[o is either a type-I or a type-III factor state. We also prove 
here that Kolmogorov's property and strong mixing property are equivalent 
when ^0 is a type-I von-Neumann algebra with completely atomic center. 

For B — (8)^M(i(I7), we also set notation Br — ®z:+Md{C) and Bl — 
®z^Md{IJ). For a factor state on u on B, we say it admits Haag duality 
property if tTojIBr)" = t^{Bl)' ■ It is clear that a factor state which admits such 
a property is pure. The question on converse is quite involved unless ■^{Aq)" 
is type-I factor. We prove in [Mo4] that any translation invariant pure state 
admits Haag duality property which we will not use it here. In [AM] we also 
had a detailed discussion on how the notion of Kolmogorov's shift is related 
with system of imprimitivity associated with group T = ]R oi In case 
pure state does give rises to a system of imprimitivity ( which is not necessary 
) with filtration generated by support projection of u in Br by translation, 
Stone- von- Neumann theorem plays an important role in proving Haag duality. 
For a more general situation proof is more involved with a variation of the above 
argument and an interested reader is referred to [Mo4] for further results for 
application of this property in studying symmetries and correlation of such a 
pure translation invariant state with addition symmetry. Results in section 3 
is a building block for results obtained in [Mo4] . 

Translation invariant pure states ^0 on B = (8)^Mrf(I7) often appear 
as ground states of a translation invariant Hamiltonian [BR, vol-2], where 

Md{IJ) is d— dimensional matrices over complex numbers. In that context 
we come across both type-I [FVN1,FVN2] and type-IIIi factors states on 
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Bq = ®nMcl{C) [AMa,Ma]. As an application of our criteria, we find an easy 
proof that a translation invariant pure state on B will give rise either to a 
type-I or type-III factor state once restricted to Bq. In [Mo4] we explore some 
additional symmetry of a translation invariant pure state to find criteria for 
the factor state ipQ on Bq to be typc-I. It seems that in the literature no exam- 
ples are known with such a pure tf) on B where ipo{Bo)" is type-IIIo- It is not 
hard to rule out the possibility that iIjo{Bq)" can not be a type-III;^ factor for 
any A e (0, 1). One finer question that is of importance in studying symmetry 
and correlations of a translation invariant state: how type-I or type-III prop- 
erties of -00 on Bq gets determined by some additional symmetry of the state 
i/jq or degrees of freedom that an electron enjoys in an ordered magnetic ma- 
terials [AL]. These facts now find it's importance for further investigation on 
the dichotomy of the ground states, conjectures by Haldane [AL,AKLT,Ma2] 
on Hxxx isotropic anti ferromagnetic models. For partial response on this 
conjecture we refer to [Mo4] for results on split property and spontaneous 
symmetry breaking. Same problem on higher dimensional lattice would be of 
great importance in condense matter physics where very little mathematically 
general rigorous results are known [BR-vol-2,Sim], which is now an active area 
for numerical simulation. Though results in section 3 is primarily motivated 
for application in statistical mechanics, we assume no knowledge in statistical 
mechanics in the present text. We have an appendix where we gave a sketch 
of a proof that purity does not give Kolmogorov's property. The appendix 
is based on a private communication that I had some time back with Taku 
Matsui. I express my thanks and gratitude for his comments. 
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2 Kolmogorov's property of stationary 
Markov processes and purity: 

Let T be either IR, set of real numbers or Z , set of integers and ir+ is non- 
negative numbers of T. Let Tt : Aq ^ Aq, IT^ be a semi-group of completely 
positive unital normal maps on a von-Neumann algebra ^ J3{Ho) with a 
normal invariant state (f)Q. In case wc arc dealing with = M, we also assume 
that for each x G Aq, the map t Tt{x) is continuous in the weak* topology. 
Here we review the construction of stationary Markov process given as in [AM] 
in order to fix the notations and important properties. 

We consider the class M of valued functions x: IT ^ Aq so that Xj. ^ I 
for finitely many supported points and equip with the point- wise multiplication 

{xy)r = x/jjr- We define the map L : (Al x M) ^ 17 by 

L{x,y) = MKn^r^-rn-iiKn-ii <2^r2-ri«?/n)2/r2)-?/r„_i)2/rJ (2-1) 

where r — (ri,r2, ..r„) ri < r2 < .. < r„ is a finite collection of points in Z 
containing both the support sets of x or y. That this kernel is well defined 
follows from our hypothesis that Tt{I) = I, t > and the invariance of the 
state (f)o for r. The complete positiveness of r implies that the map L is a 
non-negative definite form on the set M. Thus there exists a Hilbert space H 
and a map A : A4 — > H such that 

< X{x),X{y) >= L{x,y). 

Often we will omit the symbol A to simplify our notations unless more then 
one such maps are involved. For detailed and historical account we refer to 
articles [AFL,EL,Vi,Sa,BhP]. 
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We use the symbol Q for the unique element in "H associated with x = {xr — 
/, r & IT) and the associated vector state on B{H) defined by (t){X) —< 

Q,xn >. 

For each t e IT we define shift operator St : H ^ Ti hy the following 
prescription: 

{StX)r = Xr+t (2.2) 

It is simple to note that S — {{St, i G iT)) is a unitary group of operators on 
T-L with Q as an invariant element and the map t ^ St is continuous in strong 
operator topology as the map {t, x) — > Tt{x) is sequentially continuous in weak* 
topology. For details we refer to [AM] . 

For any t e IT we set 

M.t] ^ {xe M, Xr^ lyr >t} 

and Ft] for the projection onto Ht], the closed linear span of {\{A4fj)}. For 
any x e Aq and t e Mwe also set elements it{x), e M defined by 



it{x)r 



X, if r = i 
/, otherwise 



We also note that it{x) e M-t ] and set ^tr-homomorphisms Jq : — >■ ^{T^o]) 
defined by 

j^{x)y = io{x)y 

for all y e Aloj- That io(^) ^ ^^^^ defined isometry follows from (2.1) once 
we verify that it preserves the non-negative kernel whenever x is an isometry. 
For any arbitrary element x which is a linear sum of at most four isometry, we 
extend by linearity [AM]. Now we define Jq : Ao B{H) by 

Jo(^)=io(^)^o]. 
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Thus Jo is a *-homomorphism of at time t = with = Fq]. Now we 

use the shift {St) to obtain the process — (j/ : ^ t e E") and 

forward filtration F — (F^, t E E") defined by the following prescription: 

ji{x)^SdU^)S: F,] = 5,Fo]5;, teir. (2.3) 

So it follows by our construction that jl^{yi)jl^{ii2)-.-jl^{yn)^ = y where 
Vr = Un, if r = Tj otherwise /, (ri < r2 < .. < r„). Thus is a cyclic vector for 
the von- Neumann algebra A[-oo generated by r e IT, x e ^o}- From 

(2.4) we also conclude that SfXS^ e A[-oo whenever X e ^[-oo and thus we 
can set a family of automorphism (at) on A defined by 

Since fl is an invariant element for {St), 4> is an invariant normal state for {at). 
We also claim that 

Fs]j({x)Fs^ = H{Tt-s{x)) Vs < t. (2.4) 

For that purpose we choose any two elements y,y' G X{ Ai^ j) and check the 
following steps with the aid of (2.1) and (2.2): 

< y, Fs]3t{x)Fs]]i_ >=< y, it{x)y[ > 

=< y,is{Tt-s{x))y^) > . 
Since X{A4s]) spans Us] it completes the proof of our claim. 

We set as in [Mol] a tower of increasing von-Neumann algebras A[t with 
decreasing parameter t e iT by setting A^ to be the von-Neumann algebra 
generated by {js{x) : t < s < oo, x e ^o} and so A[-oo — ^teirA[t- Forward 
Markov property also ensures that Ft]A[tFt] — jt{Ao) [Mol]. 
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For any element x G Al, we verify by the relation < y, Ft]X =< y,x> for 
all y e Mt] that 



[Ft]x)r = < 



Xr, if r <t; 

'^rk-t{---'Trn-i-r„-2{'^rn-rn-i{-^r„)Xr„-i)---Xt)j H r — t 

I, if r > t 



where ?'!<..< Tfc < t <..< r„ is the support of x. The result follows once we 
note that for any &x x, y e H ii t < ri^ r[, where ri,r[ are the lowest support 
of X and y respectively, 

< X, Ft]y >=< Ft]X, Ft]y > 

— 4^o[{'Tri-t{-- ■Trn-i-r„-2 {'^r„-r„-i {^m ) ^r„- 1 ) • ■ -Xri ) ) 

^r-i -t ( • • • ^ (T-r;, -r;^_ , (?/r;„ ) ?/r;^_ J • • • ) ] 

Thus Ffj \fl >< 0| as t — >■ — oo if and only if 4>o{Tt{x)Tt{y)) 4'o{x)4>o{y) 
as i — > oo for all x^y e Aq. In such a case we have A[-oo — B{'H). Further 
since Sffl = Q and FjjQ = Q, we get an imprimitivity systems ("H \fl >< 
Q\, St, Ft] Q \Q >< Q\ : t E IT) for the group iT, by restricting actions of St, Ft] 
on the orthogonal complement I-uQ \fl >< fl\ of \fl >< Such a property 
is called [Mol] Kolmogorov's property for (rt) and associated imprimitivity 
system \0, >< Q\,St,Ft] \Q >< Q\) is called Kolmogorov shift. We 
will deal with this notion in the context of quantum spin chain in section 4 
and 5. However Kolmogorov's property is not necessary for v4.[_oo to be B{'H) 
even when 0o is faithful. For details see the appendix. We will not use this in 
results proved here. 

We also recall that triplet {Aq, Tf, 0o) is called ergodic, strong mixing if {St) 
is ergodic strong mixing respectively. For details we refer to [AM] where simple 
correspondence were estabhshed. For further details we also refer to [Mol]. 
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The following theorem gives a necessary and sufficient condition for purity 
i.e. Ai-o,^B{n). 

THEOREM 2.1: The following statements are equivalent: 

(a) For each t > 0, there exists an element Xt G so that — >■ / in strong 
operator topology and for each s > 0, (l)o{Tt{x)xl_^fXs+tTt{y)) — >■ 0o(a;)0o(y) as 
i — >■ oo for all x,y G Aq] 

(b) V,eiR^[t = B{n) 

PROOF: First we will prove (a) implies (b). Fix such a sequence Xt with 
property (a). We consider the sequence of elements j^t{xt) '■ t > 0}. We claim 
that j-t{xt) \fl><fl\ ast— >-ooin strong operator topology. To that end 
we fix an element y with support (sq ^ < .. < s„) and y{sk) — yk to check 
that for all —t< sq we have 

\\j^t{xt)y\f = Mn+so{y*)x;xtrt+so{y)) 

where y = Ts^-sn-i{ynrsr,-i-sn-2{yn-2Ts,-so{yi)yo)) as 

■^sojsn{yn)jsn-i (z/n-l) ■•Jso {yo)Fso 
= jso {Tsn-sn-i {ynTsr,-i-Sn-2 {yn-2Ts^-so (yOZ/o))) 

Thus 

\\j-t{xt)y\\^ = 
00 (n+so {y*)x*t xtTt+so (y) ) 

Thus 

^\My)\'-\<^,y>f 

as t — >■ oo by (a) for all Sq < 0. 
Similarly we also have 

< y',j-t{xt)y >=< j-t{i)y',j-t{xt)y >= (j)o(rt+so(y'*)xtTt+so(y)) y',^>< ^,y> 
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as t ^ oo follows along the same line since for each s > 0, 

(l)o{Tt{x)xs+trt{y)) Mx)My) 

for all x,y & Ao ets t ^ oo { as first we use Cauchy-Schwarz inequality to prove 
the statement for all x for which (j)o{x) = and then replace x by x — (f)o{x)I 
). We combine now above two statements to prove j-ti^t) ~^ |^ >< ^| in 
strong operator topology as i — >■ oo as the family {j^t{xt) : t > 0} is uniformly 
norm bounded as Xt — > 1 in strong operator topology by (a) and each j_t is an 
injective isomorphism (in particular contractive property ). 

For the converse we use Kaplansky's density theorem to ensure existence 
of contractive elements Yt e A[t so that Yt — > \Q >< Q| in strong operator 
topology as t -oo. Since Ft]A[tFt] = jt{Ao) we also have Ft]Y[tFt] = jt{yt) 
for some yt G ^o- Since F^j F_^j > \ fl >< fl\ in strong operator topology 
as t — >■ — oo, we conclude also that jt{yt) |^ >< ^| in strong operator 
topology. Now we compute for f > s > that 

< j-t{y-t)j-s{y)^,j-t{y-t)j-s{x)n >= (l)o{rt-s{y*)y*-ty-tn-s{x)) 

and thus we conclude (a) with Xt = y-t for alH > 0. ■ 

That Kolmogorov's property implies strong mixing property [AM,Mol] i.e. 
Tt{x) — >■ 00 (3^) in weak operator topology follows by Cauchy-Schwarz inequality 
\4>o{'''t{x*)y)\ < (l)o{Tt{x*)Tt{x))(f)o{y*y) for x,y E Ao- Within the frame work of 
classical probability theory it is well known that Kolmogorov's property is pre- 
served when we reverse the direction of time evolution of an automorphism on 
a measure space preserving a probability measure. A simple proof follows from 
Kolmogorov- Sinai- Rohklin theorem which gives criteria of positive dynamical 
entropy [Pa] for an automorphism to be a Kolmogorov's automorphism. Such 
a notion in terms of a quantum dynamical entropy is still missing within the 
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frame work of Connes-St0rmer dynamical entropy [NeS]. Further now one can 
as well ask the same question about weak Kolmogorov's or purity property i.e. 
whether such a property is time reversible. 

In the following text we aim to investigate how time reverse process is re- 
lated to the notion of weak Kolmogorov's property and also with Kolmogorov's 
property. Following [AM] , we will consider the time reverse process associated 
with the KMS-adjoint quantum dynamical semi-group {Ao,f, (f)Q). First we 
recall from [AM] time reverse process associated with the KMS-adjoint semi- 
group in the following paragraph. 

Let 00 be also a faithful state and without loss of generality let also (^o, 0o) 
be in the standard form {'Ho,Ao.,J'.,A.,V.,uJo) [BR] where ujq G Hq, a cyclic 
and separating vector for Aq, so that (l)o{x) —< coojXCUq > and the closure of 
the close-able operator 5*0 : xcuq x*Uq, S possesses a polar decomposition 
S = JTA^/^ with the self-dual positive cone V as the closure of {J'xJ'xuq : 
X e Ao} in no. Tomita's [BR] theorem says that A^*AA"** = A, t e M 
and JAoJ — A'o, where Aq is the commutant of ^o- We define the modular 
automorphism group a — {at, t & E") on Aohy 

at{x) = A^'xA-'' 

which satisfies the modular relation 

for any two analytic elements x, y for the automorphism. A more useful form 
for modular relation here 

0o(c^_i(a;*)v_i(y*)) = My*^) 

which shows that JxQ — a_i{x*)Q. Furthermore for any normal state t/j on 
Ao there exists an unique vector ^ e so that ip{x) —< C, x(^ >. 
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We consider the unique Markov semi-group (r/) on the commutant Aq of 
^0 so that (l)o{rt{x)y) — (I)q{xt[{ii)) for all x & Aq and y e A!q. Proof follows a 
standard application of Dixmier lemma a variation of Radon-Nikodym theorem 
[OP]. We define weak* continuous Markov semi-group (ft) on by ft{x) — 
Jt[{JxJ)J. Thus we have the following adjoint relation 

0o(rt(a;)cT_«(y)) = (t)Q{a ^{x)ft{y)) (2.5) 

for all x,y & Ao, analytic elements for (at). 

We consider the forward weak Markov processes {H, St, jl , Ff^, F^t, t e 
IT, Q) associated with (Ao,Tt, t > 0, 0o) and the forward weak Markov 

processes {H,St, jl , Ft], F[t, , tET, Q) associated with {Ao,ft, t > 0, 0o)- 

Now following a basic idea of G.H. Hunt, as in [AM], here we consider 
the transformation "H — )■ "H generalizing Tomita's conjugate operator given by 
x{t) = (J_i{x{—t)*) for X e supported on analytic elements of the modular 
automorphism group of (f)o. We recall that modular condition and duality 
property will ensure that such a transformation is anti-inner product preserving 
and thus extends to an anti-unitary operator Uq : l-L ^ % which takes x to 
X. Further there exists a unique backward weak Markov processes {j'l), (j^) 
which generahzes Tomita's representation ttq : x ^ Jo'^o{x*)Jo G A'q ( linear 
anti-isomorphism ) so that 

Fisft{^)F^s = fsirs-t{x)) 

for — oo < ^ < s < oo. 

4Jt(a;)F[, = 3t(T.-t(^)) 

for — oo < t < s < oo. We set tower of increasing von-Neumann algebras 
At] in backward direction with increasing parameter ^ e iT by setting At\ — 
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{js{x) : — oo < s < t, X E Ao}" and A^^^ = VteirAly Once more we have 
F[tAf]F^t = it (A) for each t e IT by backward Markov property [Mol]. 

We have more details in the following theorem. 

THEOREM 2.2: [AM] There exists an unique anti-unitary operator Uq : 
% so that 

(a) C/qQ = 

(b) UoStU* = S_t for all t e iT; 

(c) UoFt^U* = F[_t, U^FytU*^ = for all * e IT; 

(d) We set backward processes : Aq B{l-L) and j\ : Ao B{'H) as injective 
*-anti-homomorphism so that 

j'Ax) = U*jUx*)Uo 
j',{x) = Uo3Ux*)U* 
for all t E E"; Then we have backward Markov property for s <t: 

F[dl{x)F[t = ftin-six)), , F^;jl{x)F^t = j'tin-six)) 
Further F^tA^^Fit = and F[ti^]F[t = ~ft{Ao) for all t e iT. 

PROOF: Properties (a) -(c) are evident by our construction of anti-unitary 
operator Uq. Backward weak Markov property follows once we use Uq for push 
forward method from forward weak Markov property of dual forward Weak 
Markov processes. Last part also follows via Uq as we have FtjA[tFt] — jt{Ao) 
and ft — Tfjt > 0. ■ 

Exploring Markov property of both forward and backward processes, 
Tomita's duahty also ensures the following Hunt duahty theorem. 

THEOREM 2.3: [Mo2] For each t e ^, A[t = where A[t = {ji{x) : x e 
Ao, s > t}" and A^^ = {f,{x) : x e Ao, s< t}". 
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PROOF: We refer to Proposition 3.7 in [Mo2]. Note that it only needs 
weak Markov property for both forward and backward processes and Tomita's 
duahty relation at fiber at i e IT. ■ 

THEOREM 2.4: The following statements are equivalent: 

(a) For each t > 0, there exist a contractive element Xt G so that for each s > 

0, Xs+trt{x) (j)o{x) in strong operator topology i.e. (po{rt{x)x*^tXs+tTt{y)) 
(/)o{x)(f)Q{y) as t — )■ oo for all x,y E Aq] 

(b) yAit = BiHy, 

(c) 1 1 ■0ft — 00 1 1 — >■ as t — >■ oo for any normal state ^0 on 

(d) nA] = ^ 

PROOF: That (a) and (b) are equivalent follows from Theorem 2.1 as 
separating property of Q for Aq will ensure that is cyclic for commutant 
of ^0 and thus Xs+tTt{x)fl — )■ 0o(a;)O in strong topology is equivalent to 
Xs+tTt{x) — )■ (poix)! in strong operator topology. That (b) and (c) are equiva- 
lent follows by Proposition 1.1 in [Arl] and Theorem 2.4 in [Mo2] as support 
projection of the state in Aq^ is [(^q])'Q] = [^[o^^] = -^[o and using time- reversal 
operator Uq we also check that for any Y e A^^ there exists a, y e Aq so that 
jlijtiy)) = F[oa^t(F)F[o. That (b) and (d) are equivalent follows from duality 
proved in Theorem 2.3. ■ 

THEOREM 2.5: Let (A,t-o,0o) be as in Theorem 2.4 and WA[t = B{Wj. 
Then Q =def j^; : ftTt{x) = x : t > 0} which is equal to {x : Tt{x*)Tt{x) = 
Tt{x*x),Tt{x)r{x*) — rt{xx*), Tt(Ts{x) — asTt{x) : t > 0, s e IR} is trivial. 

PROOF: We consider the dynamics (^,Tt,0o). By Proposition 2.2 (a) in 
[Mo2] there exists a conditional expectation E : A ^ Q onto Q and mod- 
ular group ((Tt : t e IR) commutes with (tj : i > 0) on Q. We claim that 
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{Go,Tt,4'o) satisfies Kolmogorov's property. As a first step we verify that 
(po{JyJftTt{x)) = 4)o{Jrt{y)jTt{x)) (l)o{y)(po{x) for all x,y e Ao as fol- 
lows: 

We fix any y > so that (j)oiy) — 1 and consider the normal state 0(x) = 
4>o{JyJx) on ^0 and compute the following simple steps 

\(t)ftTt{x) - (l)o{x)\ < \ \(t)ft - 0o||||Tt(x)|| 
< \\(t)Tt - 4>o\\ 

as t ^ oo. For more general y we write it as a linear combination of possibly 
four such non-negative elements and use linearity of the maps involved to com- 
plete the proof of the claim. V^e-writenow (j)Q{jTt{x)jTt{x)) — \ \^^/'^Tt{x*)Q,\\'^ 
and note that we have shown that A2rt(x*)f2 — > (I)q{x*)VL strongly as i — >■ oo. 
So far X e ^ but now we will restrict x to Q. Since modular group (o"s : s G ]R) 
commute with (r^ : t > 0) on ^, weak* dense subspace of analytic elements 
[BRl, Proposition 2.5.22 ] of the form {x„ = y|/(T,(x)e-"^'ds : > l,a; e 
are also preserved by (tj : i > 0). 

Thus we legitimately write taking x* instead x AiTt(x)Q = 
A3Tt(x)A~3Q = Tt{(Ti{x))Q. for such analytic elements x e ^ for (as). Thus 

4 

we conclude that Tt{x) <Pq{x) in strong operator topology for a weak* dense 
sub-space of Q of analytic elements Qa of modular group (o"s). Now we remove 
the restriction on x to be an analytic element as [Qa^ — [Q^ and xQ. Tt{x)il 
is a family of contraction on the GNS space associated with 00 . 

However since Tt{x*)Tt{x) — Tt{x*x) for alH > for x e ^, by invariance of 
the state we have (l)o{x*x) — |(/»o(x)p and thus faithful property of 0o says that 
X — (po{x)I. This completes the proof that Q is trivial ■ 

THEOREM 2.6: Let (A,Tt,0o) be as in Theorem 2.4 and Ao be also 
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a type-I von-Neumann algebra with center completely atomic. Then strong 
mixing property of (^O)Tt,0o) is equivalent to all the statements (a)-(d) of 
Theorem 2.4. 

PROOF: Strong mixing property is time reversal i.e. {Aoift, (f)o) is also 
strongly mixing. By a well known theorem of Dell'Antonio [De] being 
type-I with completely atomic center weak limit of a sequence of normal states 
in the prc-dual space of is equivalent to strong convergence thus strong 
mixing property ipft{x) (f>o{x) for each x G Ao implies in particular that 
I IV'^t — 0o| I — >■ as t — >■ oo for any normal state. ■ 

PROPOSITION 2.7: Let {Aq, n, 0o) be a Markov semi-group with a faith- 
ful normal invariant state 0o- If is a factor then A[o is a factor. In such a 
case the following also hold: 

(a) ^0 is type-I (type-II, type-Ill) if and only if A[o is typc-I (type -II , type-Ill) 
respectively; 

(b) 1-L is separable if and only if Hq is separable; 

(c) If T-Lq is separable then Aq is hyper-finite if and only if A[o is hyper-finite. 

PROOF: We refer [Mo3]. ■ 

In the Appendix we have an example of a translation invariant pure state 
u on B — ®:sMd{C) with a type-Ill factor once restricted to Bq = ®!z:+Md{C) 
and ^0 — '^uj{^o)" i-e. the state co is faithful on Bq. In such a case Tt : Aq ^ Aq 
is a semi-group of endomorphisms. This in particular shows that Kolmogorov 
property is not guaranteed by purity property in general. Further J-" =*^^i |x : 
Tt{x*)Tt{x) — Tt{x*x),Tt{x)T{x*) — Tt{xx*) : ^ > 0} cqual to Theorem 2.5 
says however Q is trivial and thus modular group plays a non-trivial role in 
such a situation. The question that we now focus how situation changes when 
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Ao is a type-I factor. In [Theorem 4.7 Mol] a faulty proof appeared for a claim 
that strong mixing property of (^O) ^t, 4'o) implies Kolmogorov's property. The 
argument uses Proposition 4.6 in [Mol] which is faulty. Though Proposition 
4.6 in [Mol] (if part of the statement) can not be repaired as the statement 
itself is faulty as argued above, in the following we give a correct proof for 
Theorem 4.7 in [Mol]. 

THEOREM 2.8: Let be also a type-I von-Neumann algebra acting on 
a separable Hilbert space T-Lo with center completely atomic and (^o,Tt,0o) 
is given as in Theorem 2.4. Then strong mixing property also implies Kol- 
mogorov's property for (^o, 'Tt-, 4>o)- In such a case the following hold: 

jr^def 1^ . ^^^^*^^^(^^^ ^ Tt{x*x),Tt{x)T{x*) = Tt{xx*) : t > 0} ^ C 

PROOF: Separating property of fl for ensures that strong mixing property 
of {St) is equivalent to convergence of Tt{x) — >■ (f)Q{x)I as t ^ oo in weak 
operator topology for each x E Ao [AM]. Whereas Kolmogorov property is 
equivalent to convergence of Tt{x) — >■ (j)o{x)I as t — >■ oo in strong operator 
topology. We claim under our assumption on these two convergence are 
equivalent. Wc will make use of dilation described in Theorem 2.1. A direct 
proof is not visible. As a first step of the proof, we first consider the case where 
T is Z i.e. discrete. 

We identify to direct sum '^k>\ ^i'^k) where each is a complex 
separable Hilbert space. Let p be a finite dimensional projection on ^o- P being 
a compact operator, weak convergence of Tn{x) ensures that pTn{x) — >■ p(t>{x) as 
n ^ oo in strong operator topology. We claim that j-n{p) 4'ip)\^ < Q\ as 
n — > oo in weak operator topology. The claim follows trivially once we recall 
by (2.4) 

< A(x), j_„(x)A(y) > 
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— < jmk{^rak)jmk-i (^mfc_i)---imi (^^mi)^) j-n{^)jm^. {ymk)jm^_i {1/171^-1) ■■■jmi (ymi)^ > 

— ^ j —n{-^)jmk{-^mk) ■ ■ -jmi (•^mi)j— n(-^)^) j—n{-^)j—n{I)jmk (ymfc)---Jmi (?/mi)j— n(-^)^ 

= < j^n{x')^J-n{x)j-n{y')^ > 
= (j){Tmi+nix'*)xTmi+n{y')) 

where finite support of x, y is (mi, m2, mfe) and n > —mi witfi elements 
spectively. 

Let {pfe : ^ > 1} be a sequence of finite dimensional increasing projections 
in T-Li so that — )■ / as A; — > oo in strong operator topology ( such a sequence 
exists as Ao is type-I with center completely atomic ). We claim that there 
exists a sub-sequence njt : A; > 1 of natural numbers so that 

as n — )■ cxD in strong operator topology. It is enough if we show convergence in 
weak operator topology as limit is also a projection. 

Fix any vector / G "H i.e. in the dilated space described in Theo- 
rem 2.1. For each k, j-nipk) ^ 4>{Pk)\^ < ^| in weak operator topol- 
ogy as n — >■ oo, we can subtract a sub-sequence nk{f) k > 1 so that 

< /, |Q >< Q\f > — < f,j-nk{f){Pk)f >— >■ as A; — >■ oo. We can extract 
a sub-sequence independent of the vector / by fixing a countable dense sub- 
set for y, and apply Cantor's method first to get a sub-sequence such that 

< /, \ fl >< Q| —j-nk{Pk)f >— >■ for all / in a countable dense set for l-L, which 
is separable as Ho is so (Proposition 2.7 (a) ). Since the family of operators 
involved are uniformly bounded, we conclude that j-nkiPk) ~^ |^ >< ^| in 
weak and so strong operator topology. 
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We recall Q = s.lim„_j,oo-^-n] and Q > |f2 >< We claim now that 
Q — \0, >< Suppose not. Then we will have unite vector f & H such 
that < /, Q >= and |/ >< f\ < Q. We claim that there exists a sequence 
of positive contractive elements Un & Aq — B{'Hi) of finite rank such that 
j-n{yn) — ^ |n><n| asn— j-ooin strong operator topology. To that end we 
consider the *-sub-algebra generated by elements {jm(.x) : > n,x E Aq} 
where Aq is the *-algebra generated be elements of of finite rank. For any 
element X e A^, we have Fn]XFn] G jn{A^)- Further is dense in A[n 
in (7— weak operator topology follows by normal property of complete positive 
map T and 0. 

Since V„gx»4[n = JSiT-L), we can use Kaplansky's density theorem to get 
positive contractive elements Yn G A^_^ so that — )■ |/ >< /| as n — > oo in 
strong operator topology. We set |/„ G so that = F_„]1^F_„] and 

check that — >■ Q\f >< f\Q — \ f >< f \ in strong operator topology. 
By our construction, we have yn £ Aq. Let pk be the support projection of the 
elements Y,i<m<k Vm- So in particular each pk is a finite rank projection and 
Vk = VkPk- 

But j^UkiVk) = i-nkiVkPnk) = 3-nk{yk)3-nk{Pnk) where we have used nk>k 
by our construction for > p^ and taking strong operator limit on both side 
we get 1/ >< /I = 1/ >< f\\Vt >< Q,\ — 0. This brings a contradiction. This 
completes the proof when iT is discrete i.e. 

For continuous case we note by Kadison-Schwarz inequality Tt{x*)Tt{x) < 
Tt{x*x) for all X e Ao and so (f)Q{Tt{x*)Tt{x)) < (/>o(a;*x) by invariance of the 
state. In particular we have (j)Q{Tt{x*)Tt{x)) < (j)o{Ts{x*)Tt{x)) for alH > s > 0. 
So in order to prove (f)o{rt{x*)rt{x)) — )> |0o(^)P as t — ?> oo, it is enough if 
we show (f>o{Ttn{x*)Ttn{x)) l^^i^)]"^ as n ^ oo for some fixed t > 0. This 
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completes the proof for IT = JR. 

That J-" is trivial von-Neumann algebra follows as Kolmogorov's property 
says now (t)o{x*x) = \(l)o{x)\'^ for all a; e J-" and 4>o being faithful x = (f)Q{x)I. ■ 

The following result is a stronger version of a result obtained in [Mo3]. 

THEOREM 2.9: Let Ao be also a factor as in Proposition 2.7. If V'i-oo is 

pure then is not a type-II factor. 

PROOF: We need to rule out the possibility for to be type-11 factor. If so 
then we fix a finite projection say p in ^^^d being a faithful representation 
jo(p) is a finite projection in A[-t for each t > 0. Now consider the nested family 
of increasing type-//i factors {M.t — jo(p)^[-tjo(p) : ^ > 0}. By uniqueness 
of normal trace on a semi-finite von-Neumann algebra [Di,chapter 4] we get a 
normal tracial state on = V(>oA^f. However by Markov property we have 
jo(p)(Vt>o^[-t)jo(p) = -M.- Thus by purity M. is equal to the set of all bounded 
operators on jo(p)- Thus io(p) and so p is a finite dimensional subspace. This 
contradicts our starting assumption that p 7^ and is a finite projection in a 
type // factor. ■ 

THEOREM 2.10: [Mo2] Let (A,Tt,0o) be as in Theorem 2.1 with as 
faithful. The center of A[t is isomorphic with ^0 and for each x e ^0 fl -^0 the 

map A — )■ it{x)\ extends to an unital *-isomomorphism kt : Zq = AqCiAq 
A[tr\A'^f- Furthermore {kt{x) : x G Zq, t e JR} is a commutative family. 

PROOF: For (a) we refer to Proposition 3.7 in [Mo2]. That kt{x) is a well 
defined isometry for an isometry x & Zq as commuting property of x with any 
element in ^0 will ensure by (2.1) that A — > it{x)X is inner product preserving. 
For an arbitrary element x & Zq, we extend by linearity decomposing x into 
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isometric elements. It is obvious that kt{x) G .Aj^ 0(^4.^])'. Hence by Haag 
duality ( Theorem 3.2 (a) ) we get kt{x) is an element in the center of A[t. 
It is clearly one to one and unital. We are left to show it's onto property. 
Let X be an element in the center of A[t. By (2.7) i.e. Ft]A[tFt] = jt{Ao) we 
have Ft]XFf\ = jt{x) for some x E Aq. Xjt{y) = jt{y)X for all y E Aq also 
says that Ft]Xjtiy)Ft] = Ft]jt{y)XFt] for all y e Aq and so 3t{xy) = jt{yx) 
for all y E Aq. jt being injective we get that x & Zq. Thus we conclude 
that XFt] — jt{x) — kt{x)Ft] for some x in the center of ^o- Now we use 
cyclic property of Q for A[t V A^ to conclude that X — kt{x). That the family 
is commutative follows once we note that A[t C A[s for all s < t and also 
kt{x), ks{y) are elements in the center of A[t and Ais respectively. ■ 

Thus the center Zq determines a commutative von-Neumann algebra C = 
{kr{x) : X e Zq, r e M)" and x E Zq ^ kt{x) is a stationary classical process. 
Let Es\: C ^ Cg] be the norm one projection on the commutative sub-algebra 
Cg] — {kr{x) : X e Zq, r < s} of C. The question that we are facing now: Is 
{kt{x) : X G Zq} a Markov process? In the present framework we say (A;*) is a 
Markov process if Es][kt{x)] G ks{Zo). 

One would be tempted to answer affirmatively. In the following text we 
investigate in details this delicate property. If Es][kt{x)] G ks{ZQ) for all x E Zq 
and s <t then we could write Es][kt{x)] — ks{ps,t{x)) for some element Ps,t{x) 
determined uniquely by x as kg is an injective map. By stationary property 
we also have Ps,tix) — Ps+r,t+rix) for any r & and s <t. Thus we can write 
Ps,t{^) = Pt-s{x) for some positive unital map pt : Zq ^ Zq, where t > 0. 
Further as i?o]-Es] = -^o] for any s > 0, we also get kQ{pt{x)) = EQ][kt{x)] = 
Eo]Es][kt{x)] = ko{psPt-s{x)) and so pt = PsPt-s on Zq. Thus {pt : t > 0) is 
a semi-group of unital positive map on Zq where Pq — 1. For any t > and 
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x,y G Zq we also have 

<t>o{xpt{y)) =< Q:,h{x)kt{y)Q: >=< Q,jo{x)jt{y)^ >= (l)o{xTt{y)) 
and thus 

= (2.6) 

where Ezq is the norm one projection from to its center Zq. Such a condi- 
tional expectation exists [Ta,AcC] as the center remains invariant by an auto- 
morphism, in particular by the modular automorphism group associated with 
the faithful normal state 0o- Thus simplest situation when r commutes with 
Ezq, kt is a Markov process. Otherwise the necessary condition, that the maps 
X EzaTt{x) is a one parameter semi-group, is not evident. This suggest that 
the problem is far from being simple. In the following we include a sufficient 
condition. 

THEOREM 2.11: Let A!q = Zq then kt : Zq ^ C defined in Theorem 2.10 
is a classical Markov process. 

PROOF: By duality relation we have (pQ{xTt{y)) = 4)Q{T[{x)y) for all x € A!q 
and y & Aq and as Aq — Zq we get 4)o{xTt{y)) — {xpt{y)) for all x,y & Zq 
where pt : Zq ^ Zq is a unital positive map. Thus by repeating the above 
steps, we also have 

)-)y2)yi) 

= MAvt2-tAAPt3-t2{-vt^-tr.Axiyn)-)y2)yi) 

for all X, y e Al and ti < t2-. < tn- Thus {kt) is isomorphic to a classical 
Markov process and so kt is itself a Markov process and pt — Ez^Tt on Zq for 
all t > 0. ■ 



NOTES AND REMARKS 2.12: It is obvious that Q > Qo and Kol- 
mogorov's criteria is a sufficient condition for purity. The unique ground state 
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for XY model gives an example where Qo = \fl >< Q\ but Q = I [AMa] as 
Fq] = I. We avoid giving details here and in Appendix we gave an out line of the 
proof. Further the counter example shows that Theorem 3.4 ( (b) imphes (a) ) 
in [Mo2] has a faulty proof as it is not enough to show A^Tt{x)Q — )■ (f)o{x)Q in 
strong topology to ensure Tt{x)Q — ?■ (po{x)^ as t — > cxo strong topology and such 
a statement appears in [Mol] with a faulty proof. As a consequence proof given 
for Theorem 3.5 ( (c) implies (a) or (b) ) in [Mo2] is as well faulty and such a 
statement is false. Thus Theorem 2.4 here can be regarded as the modified cor- 
rect form. Nevertheless this give rises to the old problem whether Kolmogorov's 
property is time reversible [Mol] i.e. Docs rt{x) — )■ (po{x)l in strong operator 
topology for all x E Ao if and only if ft{x) 4>q{x) I as t ^ oo for all x G ^o? 
Same question for weak Kolmogorov's property which is false. For a counter 
example consider the canonical trace ujq on Bq — <S>inMci{C) which keeps right 
translation 9 on Bq invariant. Since the induced endomorphism r associated 
with translation 9 on the GNS space T"'(^v^^^){Bo) = T^ui^i^o) Cl'^ujoiBo)' = C 
by factor property of ojq, we have WijjTn — 0o|| ^ as n ^ oo for all normal 
state on 'K^f^{BQ)" by Arveson's criteria [Ar] for Power's shift where 00 is the 
faithful normal state in the GNS space induced by ujq. Thus the dual Markov 
map of (0t^(,(jBo)", r, (/)o) admits weak-Kolmogorov's property by Theorem 2.4 
(by interchanging the role of r and r ) . 

In case is a commutative von-Neumann algebra both weak Kolmogorov 
and Kolmogorov's property coincides as modular operator is trivial and the 
argument used in the faulty proof given for Theorem 3.4 in [Mo2] goes through 
due to triviality of modular operator. On the other hand weak Kolmogorov 
property of (tj) implies in particular ft{x) — >■ (f)Q{x) in weak operator topology 
and so by duality Tt{x) — )■ (I)q{x) in weak operator topology as t ^ oo. This 
shows strong mixing is a weaker notion then weak Kolmogorov property and 
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we have following order: 

Ergodic << Weakly mixing << Strongly mixing << 

Weakly Kolmogorov=Purity << Kolmogorov 

In case is a type-I factor, strong mixing implies Kolmogorov's property 
by Theorem 2.8. Further we recall Theorem 2.5 in [Mo2] that when — M, 
i.e. continuous time, all above notions coincides once is a type-1 factor. 
In a forth coming paper [Mo 7] we will deal with such a situation with as 
a type-I factor in greater details and find it's relation with complete boolean 
algebra of type-I factors [AraW] and associated product systems [Ar2,Po3]. 

3 Pure inductive limit state: 

Let Bq be a C* algebra, (A^ : t > 0) be a semi-group of injective endomorphisms 
and ip be an invariant state for (A^ : t > 0). We extend (Xt) to an automorphism 
on the C* algebra B[-oo of the inductive limit 

Bo Bo Bo 

and extend also the state ip to B[_oo by requiring (At) invariance. Thus there 
exists a directed set ( i.e. indexed by iT , by inclusion B[-s C B[-t if and only 
if t > s ) of C*-subalgebras B[t of i3[_oo so that the uniform closure of Useir ^^[5 
is iB[_oo- Moreover there exists an isomorphism 

io: Bo^ B[o 

( we refer [Sa] for general facts on inductive limit of C*-algebras ) . It is simple 

to note that it = Xt o io is an isomorphism of Bo onto B\t and 
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on Bq. Let {Hn, tt, fl) be the GNS space associated with (i3[_oo, V'l-oo) and (A*) 
be the unique normal extension to 7r(S[_tx,)"- Thus the vector state —< 
Q,,Xft > is an invariant state for automorphism (At). As At(B[o) C B[o for all 
t > 0, (7r(B[o)", At, t > 0, is a quantum dynamics of endomorphisms. Let 
Ft] be the support projection of the normal vector state Q in the von-Ncumann 
sub-algebra 7r(B[t)". Ft] £ '^(^[t)" ^ ^'"(^[-oo)" is a monotonically decreasing 
sequence of projections as t — > — oo. Let projection Q be the limit. Thus 
Q > [7r(B[_oo)'^] > \^ >< ^1- So Q = |fi >< Q| ensures that on B[-oo is 
pure. We aim to investigate when Q is pure i.e. Q — \D, >< 

To that end we set von-Neumann algebra Ao = Fo]7r(B[o)"-Po] and define 
family {kt : Ao — >■ 7r(,B[_oo)", t e iT} of *— homomorphisms by 

kt{x) = At(Fo]a;Fo]), x e J\fo 

It is a routine work to check that {kf : t & iT) is the unique up to isomor- 
phism ( in the cyclic space of the vector Q generated by the von-Neumann 
algebra {kt{x) : t e iT, x e jVq} ) forward weak Markov process associ- 
ated with {N'oiVt,fpo) where rjt{x) — Fo]At(-Fo]xFo])Fo] for all t > 0. It is 
minimal once restricted to the cyclic space generated by the process. Thus 
Q = \ fl >< Q\ when restricted to the cyclic subspace of the process if and only 
if il^o{r]t{x)r]t{y)) •0o(2^)^o(y) as t ^ oo for all x,y e Afo. 

PROPOSITION 3.1: Let Gq] be the cychc subspace of the vector gen- 
erated by 7r(S[o)". 

(a) Go] e 7r(B[o)' and the map h : 7r(S[o)" Go] tt (Bp) "Co] defined by X ^ 
GojXGoj is an homomorphism and the range is isomorphic to 7ro(Bo)", where 
("H^ojTTo) is the GNS space associated with {Bq,iP). 

(b) Identifying the range of h with tio{Bo)" we have 

hoXt{X)^Xt{h{X)) 



29 



for all X e 7r{B[o)" and t > 0. 

(c) Let P be the support projection of the state ip in von-Neumann algebra 
7ro(Bo)" and A = Pttq{Bq)"P. We set Tt{x) = PXt{PxP)P for alH > 0, a; e 
Ao and ipoix) = il){PxP) for x e A- Then 

(i) /i(Fo]) = P and h{M^) = A; 

(ii) h{r]t{x)) = Tt{h{x)) for all t > 0. 

PROOF: The map 7i{X)Q — )■ 7ro(X)f2o has an unitary extension which in- 
tertwines the GNS representation (?^o,7i'o) with the sub- representation of B[q 
on the cychc subspace Gq]- Thus (a) follows, (b) is a simple consequence as 
io : Bo — > B[o is a C* isomorphism which co- variant with respect to (A^) for all 
t > i.e Xtio{x) = io{Xt(x)) for all x e Bq. That /i(-Fo]) = -P is simple as h is 
an isomorphism and thus also a normal map taking support projection Fq] of 
the state ip in 7r(B[o)" to support projection P of the state in 7ro(iBo)"- Now 
by homomorphism property of the map h and commuting property with (At) 
we also check that /i(A/'o) = /i(Fo]7r(B[o)"Fo]) = P7ro{Bo)"P = A and 

h{rit{x)) = M^o])At(/i(Fo])/i(x)M^o])) 

= P\t{Ph{x)P)P = rt(/i(x)) 
for all t > 0. ■ 

THEOREM 3.2: il^[-oo is a pure state if and only if for each t > 

0, there exists contractive elements Xt G A such that for each s > 0, 
(po{Tt{x)x*_^_^Xs+tTt{y)) ^- (f)o{x)4>o{y) as t ^- oo for x, y e A- 

PROOF: Let Qq be the support projection of VtgjRv4.[j. Thus Qo < Q < 
Ft] for all t e R. For any fix t e iT since kt{Ao) = Ft]7r(B[t)"Ft], for any 
X e 7r(B[t)" we have QqXQ, = Qo-^ti^-^t]^^ = (5o^t(a;)f^ for some x e Afo- 
Hence Qo — |Q >< Q\ if and only if Qo = |^ >< ^| on the cychc subspace 
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generated by {kt{x), t E E Ao}. Theorem 2.4 says now that Qo — 

\fl >< fl\ if for each s > we have il^o{r]t{x)xl_^fXs+t'r]t{y)) ~^ '0o(3^)'0o(y) as 
i — >■ oo for all x,y E Ao- Since /i is a homomorphism and hr)t{x) — Tt{h{x)), 
we also have h{rjt{x))xl^tXs+t'nt{y)) = Tt{h{x))h{xl^t)h{xs+t)Tt{h{x)). Since 
(f)Q o h = ipo conclude the "if part" of the statement identifying with Aq. 
For the converse we use Kaplansky's density theorem to ensure contractive 
elements Xt G z_t(Bo)" so that Xt — >■ \fl >< n| as t — >■ oo in strong operator 
topology. Now we set k-t{xt) — F^t]XtF-t] £ A[-t and since k-t{xt) — >■ |^ >< 
Q| as i — > oo in strong operator topology we have k_t{x*Xt) — >■ |J1 >< Q| 
in weak operator topology. This completes the proof once we compute < 
fl, k-s{x)k-t{xtXt)k-s{y)fl >= (j)o{rt-s{x*)xtXtTt-s{y)) for any t> s and x,y e 
Ao- ■ 

THEOREM 3.3: Q is pure i.e. (B[_oo, '0[-oo) is Kolmogorov if and only if 
(t>G{n{x)Tt{y)) (t>o{x)ipo{y) as t ^ oo for all x,y e A- 

PROOF: For any fix i e iT since kt{Ao) = Ft]7r{Bit)"Ft], for any X e Bit 
we have QXQ — QFtjXF^O, — Qkt{x)0, for some x E Ao- Hence Q — 
|Q >< Q\ if and only ii Q — \Q, >< Q\ on the cyclic subspace generated by 
{kt{x), t E T,x E Ao}- Theorem 3.5 says now that Q = \Q, >< il\ if and only 
if '4'o{Vt{x)Vt{y)) "00 (2^) '00 (l/) as t — )■ 00 for all x E Mo- Since /i is a homomor- 
phism and hr]t{x) — Tt{h{x)), we also have h{r}t{x)r]t{y)) — Tt{h{x))rt{h{x)) . As 
00 ° ^ = "00 we complete the proof. ■ 

THEOREM 3.4: Let (,Bo, At : t > 0, ipo) be an unital semi-group of injective 
endomorphisms and ipo be a factor state. If inductive limit state ip[-oo is pure 
then ij^o is either type-I or type-III factor state. In case ■00 is type-I then 

{Bo,Xt,t > O,'0o) admits Kolmogorov's property if and only if (A,rf,0o) is 
strongly mixing i.e. Tt{x) 4>o{x)I in weak operator topology for all x E Aq- 
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PROOF: We set Ptio{Bq)"P = Ao where P is the support projection of the 
state ■00 in the GNS space i.e. P — [7ro(Bo)'0]. Thus is a factor of same 
type. V^i-oo being a pure state on B[_oo, Theorem 2.1 and Theorem 3.2 says 
that ip[-oo is also pure on A[-oo- Thus the result is a simple consequence of 
Theorem 2.9. The last statement follows by Theorem 2.7 and Theorem 3.3. ■ 

It is a simple observation that result in section 3 can be extended to a 
more general set up where directed set [Sa] in the inductive limit sets are more 
general. As an example we can deal with T ^ IR^ ox with ir+ equipped 
with natural partial ordering. In such a situation the consistence family endo- 
morphisms give rises to d many commuting semi-groups of endomorphisms. 

4 A complete invariance for a translation in- 
variant pure state on H = <^zMd{U) with Kol- 
mogorov's property: 

Let V = {1,2, .,d} be a finite set with > 1 and : X> x X> [0, 1] be a 
transition probability matrix which admits a stationary probability measure /x : 
V — 7> [0, 1] i.e. Pj > 0, J2jP) = 1 and J2j l^j = 1) HitJ'iP) = A*i- Let Z, be the 
set of integers and {X„ : n e Z} be the two sided stationary Markov process 
or chain defined on a probability space {V^ ,JF,Vfj) where — XnewT^n is 
the product set with Vn — V and JF be the cr— fields generated by the cyhnder 
subsets of and X^{C) = Cn with V{C; ^n+i(C) = j|^n(C) = i}= P]- Let 
J^n\ be the a— field generated by the Markov process upto time n i.e. Tn] = 
a{Xk : —oo < k < n are measurable}. Such a Markov process is said to admit 
Kolmogorov property if r\ne:Z'^n] — {T>^,$}. Such a Markov process is also 
called BernouUi shift if pj — jij for alH, j e Z>. 
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Let l-i = L'^iV^ , J^,Vfj). Let F„] be the orthogonal projection on 
L'^{V^ , J^nji'PiJ,) for each n e ^ and 5'„ : n e ^ be the right shift unitary op- 
erator on n defined by SJiO = /(^n(C)), / e ^ where ^n(C)(^) = C(^-^) is 
the n-shift which preserves the probabihty measure Vf^. Thus X„ can be viewed 
as an clement in J",,], P^) and a : L°°{V^ ,J',V^) L°° {V^ , F ,V 

is an automorphism defined by a{F){C,) = f{0~^{()) for / G L°° {V^ , T ,V ^j) 
and ^fi{f) — J fdVfi is the translation invariant state on the function space on 
the compact Hausdorff space — where T>^ is equipped with product 

topology and so is compact. Thus an invariant state and associated 
translation invariant state $^ exists. We assume further that ^ is also faithful 
i.e. /ij > for all j &V to avoid trivial modification in our argument. 

It is well known [Pa] that a Bernoulli shift admits Kolmogorov's property 
and a deeper result in ergodic theory says that the converse is also true i.e. 
a Markov chain with Kolmogorov's property is strongly isomorphic with a 
BernouUi shift. A celebrated result in ergodic theory [Or] says much more 
giving a complete invariance for such a class of Markov chain in terms of their 
dynamical entropy hf^{9) introduced by Kolmogorov-Sinai [Pa] of the shift. 
However the isomorphism that inter-twins the Kolmogorov's shifts with equal 
positive dynamical entropy, need not inter-twin the filtration generated by the 
processes. However one gets finite correlation which we will explain in the 
following text. 

Kolmogorov property is equivalent to F„] J, Pq in strong operator topol- 
ogy as n ^ oo, where Pq is the orthogonal projection on constant functions 
on . In such a case the projection F„] — Pq together with shifts Sn re- 
stricted to / — Pn give rises to a system of imprimitivity for the group Z in 
the sense of G. W. Mackey. So by Mackey theorem — Pq), P„] — P^) is 
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unitary equivalent to direct sum of copies of standard shifts on L'^{Z). Thus 
the number of copies that appears in the direct sum is also an invariance for 
associated imprimitivity system. A natural question: how this new invariance 
which inter- twins filtration is related to Kolmogorov- Sinai's invariance of dy- 
namical entropy which may not preserve filtration? We will prove that these 
two invariance rather then competing with each other they are complementing 
each other as invariance for the shift. 

Let B = ®^Md{C) be the uniformly hyper-finite C*-algebra over the lattice 
Zi, where Md{IJ) be the d x d-matrices over complex field C Let Br — 
<S>z+Md{C) and Bl — ®z:-Md{C) be one-sided C*-sub-algebra of B. For a 
state oj on B, we set ojr = oj\Br and oj^ — i^\Bl. A state a; on B is called 
translation invariant if u{x) = u){9{x)) where 6 is the translation induced by 
n ^ n -|- 1 for all n e 

The product Bernoulli state fi^ = on C{V^) has several Hann- 

Banach translation invariant extension to B where C(2?'^) is viewed as a C*- 
sub-algebra consists of product of diagonal matrices in B with respect to an or- 
thonormal basis (e^) for C^. Let p be a state onM^ so that p{\ej >< ej\) — fij. 
One trivial possibility is to take p{\ei >< ej\) = 5jiij. In such a case p is not 
a pure state unless pj = 1 for some j ET) and associated product state on B 
includes in particular canonical tracial state on B for a suitable choice namely 
Pj — ^. Otherwise we will have type-Ill;^ factor for A e (0, 1) [Po]. In general 
we can choose a Hann-Banach extension of the Bernoulli measure to a product 
state on B so that it's mean entropy takes values a prescribed number between 
and One can choose a unit vector A = (Aj) in 17" and set 

pure state p\{\ei >< Cj) — XiXj where pj — |Ajp. Associated product states 
cux — <^px is a pure state. A translation invariant state a; on B is said to be 
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Bernoulli if is a product state and pure on B. Such a Bernoulli state on B 
is equal to a;;^ for some unit vector A e -C. It is a simple observation that two 
such pure product states give rises to isomorphic translation dynamics. 

Let CO be as before a translation invariant state on B and E be the support 
projection of u in t^{Br)" in the GNS space ("H^jTr,!!) associated with 
and set E^] = 9'^{E) for all n & Z. So 9"'{E) is the support projection of uj in 
TiiO^^BR))" and thus En] < -En+i]- We say u admits Kolmogorov's property if 
En] 4, \VL >< fl\ in strong operator topology as n I —00 [Mo2]. In such a case 
restriction of (S'„, En]) on |Q><Q|-'- = / — |Q><Q| give rises to a Mackey 
system of imprimitivity for the group Z and /^^ |Q >< Q| can decomposed 
into copies of and restriction of Sn is isomorphic to the standard shift. We 
say number of copies that appear in the decomposition as Mackey's index for 
CO which are assumed to admit Kolmogorov's property. A simple consequence 
of the main result in section 3 shows that Bernoulli state admits Kolmogorov's 
property. Any translation invariant state on B with Kolmogorov's property is 
pure. However a pure may not in general admit Kolmogorov's property as we 
pointed out indication an example in section 6. A translation invariant pure 
states with t:{Bl)" as type-I factor admits Kolmogorov's property by Theorem 
2.7. A valid question: When does a translation invariant state on B unitary 
equivalent to a Bernoulli state on B intertwining the shifts? In the following 
text we formulate the problem precisely and state our main results of this 
section and compute it's Connes-St0rmer dynamical entropy [NeS] indirectly. 

Let {Bk,Ok,ijJk) with k = 1,2 be two C*-dynamical systems where Bk are 
C*-algebras and 9k '■ Bk Bk are automorphisms preserving state ook respec- 
tively. Let ©fe : TTkiBk)" TTk{Bk)" be the associated automorphisms where 
("Hjk, TTjfc, Qfc) are GNS spaces for {Bk,9k,ujk)-, k — 1,2. The C*-dynamical 
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systems (yBi,^i,a;i) and {82,92,002) are said to be unitary equivalent as a dy- 
namical system if there exists an unitary operator U : 1-Li ^ I-L2 that 
UQi{X)U* = Q2{UXU*) for all X e 7ri(Bi)". If we replace Bi = B2 by 
in above unitary equivalence we get back to notion of strong equivalence in 
Kolmogorov-Sinai-Ornstcin theory for classical dynamics. For last few decades 
serious attempt has been made to introduce a suitable notion of dynamical 
entropy valid for quantum dynamics governed by automorphisms either on a 
C*-algebra or von-Neumann algebra. Here we recall Connes-St0rmer dynami- 
cal entropy [NeS] for a translation invariant product state is equal to the mean 
entropy. Thus in particular Connes-St0rmer dynamical entropy for a Bernoulli 
state is zero. On the other hand a translation invariant state with Kolmogorov 
property is always pure on B and Bernoulli state admits Kolmogorov property. 
Thus the notion of BernouUi state retains Kolmogorov's property at the cost 
of making Connes-St0rmer dynamical entropy [NeS] which is equal to mean 
entropy ( being a product state ) to be zero. 

PROPOSITION 4.1: Let a; be a translation invariant state on B — 
®xMrf(I7) with Kolmogorov's property. Then it's Mackey index of shift with 
respect to filtration generated \yy E — [K^J{BR)'VL] is equal to Hq- Same holds 
filtration generated by the projection F — ['k{Bl)"^\- 

PROOF: Let E be the support projection of uj in t^u}{Br)" where {H,'n,Vt) 
is the GNS space associated with the state u on B,\.e. E — [k^{Br)'0\. By 
Haag duality [Mo4] we also have E = [7r^(Bfl)'Q] = [k^{Bl)"0\ and so e{E) = 
[ku^{9{Bl))"^]. We claim that is infinite dimensional. That^(^)-£; ^ 

follows as ^"(i?) t / as r?, t 00 and 9"'{E) | \Vt >< il\ as n I -00. We choose 
a unit vector / e 9{E) — E and thus in particular f -L fl since 9{E)fl — fl. We 
set temporary notation F — [n^iBRyf] and note that F C 9{E) as Bl Q 9{Bl) 
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and F ± E as f ± n. Thus F < e{E) - E. We claim that F is an infinite 
dimensional subspace as otherwise we find a finite dimensional representation 
of Br on F by restricting the representation tt of to F. That contradicts 
simplicity of Bl as a C*-algebra. 

The proof uses Haag duality property but one may as well get a proof of 
Proposition 4.1 without using it as follows. Since proof given for Haag duality 

in [Mo4] is not yet published and proof given in [KMSW] is faulty (see [Ma3] 
for comments on it ), in the following we use filtration generated by F to give 
an alternative proof. 

Let E be the support projection of as before in ^^^{Br)" in the GNS 
space i.e. E = [7r^(BK)'Q] and F = [tt^{Bl)"^. F < E as F e \^ >< ^ 
as well give rises to a system of imprimitivity with action of translation i.e. 
9{F) > F and 9"'{F) t by cyclic property of the GNS representation and 
< < r(F) ; \Q >< Q\ as n i -oo. Thus the Mackey systems 

generated by the projection F — \ fl >< fl\ by shift is of index Hq. m 

THEOREM 4.2: Two translation invariant states on B with Kolmogorov's 
property gives isomorphic shift on B. 

PROOF: It is a simple consequence of Mackey's theorem [Mac] as their 
Mackey indices with F are equal to ^^o by Proposition 4.1. ■ 

THEOREM 4.3: Let a; be a translation invariant state on B with Kol- 
mogorov's property. Then {B, 9, uu) is unitary equivalent to a Bernoulli dynam- 
ics {B, 9, cox) where A e is a unit vector. 



PROOF: A BernouUi state on B admits Kolmogorov's property and thus it 
is a simple case of Theorem 4.2. ■ 
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Thus in contrast to classical situation and Connes-St0rmer's theory of 
Bernoulli shifts we have the following. 

THEOREM 4.4: Let {B, 6, u) be as in Theorem 4.3. Then {B, 9, u) and 
{B,9'',uj) are isomorphic as dynamics and Connes-St0rmer dynamical entropy 
hcsi^) of cu is zero. 

PROOF: By Theorem 4.2 {B,9,u)) and {B,9^,u) are isomorphic dynamics 
as both admits Kolmogorov's property and their Mackey index are equal to 
^!;o• That Connes-St0rmer dynamical entropy is zero follows once we use the 
isomorphism to translation dynamics with a Bernoulli state on B. ■ 

We note that the inter-twiner U : l-i ^ % between the two dynamics 
{B,6,u) and {B,9'^,u) does not preserves local algebra Bioc where {'H,Tr,uj) 
is the GNS space. This feature in a sense is a deviation from what we get 
in an isomorphism map between two compact Hausdorff spaces representing 
BernouUi or Markov shifts [Or]. Thus this feature is a deviation of our in- 
tuition of classical spin chain. A family of classical Bernoulli states with en- 
tropy between and ln{d) are embedded continuously into a Bernoulli state 
cux on B — ®zMd{C) and Kolmogorov- Sinai dynamical entropy is a complete 
invariance to determine translation invariant maximal abelian von-Neumann 
sub-algebra upto isomorphism. 

It is already known [NeS] that Connes-St0rmer dynamical entropy is zero 
for a pure translation invariant state. In general for a translation invariant state 
on B, hcsi.^) < s{oj), where s(oj) is the mean entropy. One of the standing 
conjecture in the subject about equality. In particular it is not known yet 
whether s{u)) is zero for a translation invariant pure state. As a first step 
towards the conjecture it seems worth to investigate this question for such 
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a state with Kolmogorov's property. Note that mean entropy is yet to be 
interpreted as an invariance for the shift! However it is not hard to verify 
mean entropy of translation invariant states uji,cu2 remain same if {B,9,u}i) 
and {B, 9, 002) are isomorphic provided the isomorphism preserves the local 

algebras Bioc = Ua:|A|<oo Ba. 

Now we conclude this section comparing isomorphic class in quantum situa- 
tion with that of classical situation studied by [Or]. Any isomorphism between 
the space of continuous functions on two compact Hausdorff Bernoulli spaces 
T>f — ®z:T^d and — ®z:T^d' with product topology is local i.e. any set 
E e Vf with finite support i.e. cylinder set gets mapped by the isomorphism 
to a set with finite support in i.e. a cylinder set since a compact set goes 
to a compact set which can be covered by finitely many open sets of finite sup- 
port since union over sets with finite support is a cover for any set. Besides the 
isomorphism local, we can use covariance relation with respect to translation 
action to conclude that isomorphism takes Fn] to J-n+k\ for b1\ n & Z for some 
fixed k G Similarly it takes backward filtration to J-'[n+k' for all n & Z 
for some k' E 

On the other hand an isomorphism on B = ®Md{C) need not be local 
and the class of isomorphism makes two Bernoulli dynamics {B, 6, Ux) and 
{B, 0'^,ujx) isomorphic! We have explored this contrast and it's property further 
with a new notion of quantum dynamical entropy [M06] which is not same as 
Connes-St0rmer [NeS] dynamical entropy. 
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5 Quantum spin chain in higher dimensional 
lattices 

We end this paper with a brief discussion and results on quantum spin chain on 
lattice : A; > 2 of higher dimension. Unlike one dimensional lattice which 
is a totally ordered lattice, higher dimensional lattices lacks a clear picture 
so far how to describe analogue properties such as finitely correlated states 
[FNW1,FNW2] or quantum Markov state [Acl,Ac2]. Same difficulties one will 
also face if one tries to define a kernel on the set of functions on 'Zy^ with finite 
supports along the line of the situation of one-dimension lattice X. However 
in the following we still arrive results along the same line for strong mixing, 
purity, Kolmogorov's etc property of a translation invariant state on quantum 
spin chain on higher dimensional lattice. 

Rather then dealing with a more general C*-algebraic frame work, we 
investigate translation invariant states on B = ®n^'z^^{J^) where "Z^ — 
Z X Z.. X Z -fc-dimensional lattice and for each n — (rii, 712, .., n^) e Z^ ^ 
Mj{C) is a copy of Md(I7), d > 2. B is also the inductive limit C* algebra 
of the commuting endomorphism of shifts in positive direction of each axis on 
^0 — ®n>o^d'(-C) where we say n> rnif rii > rrii for all 1 < i < fc. 

Let u he a. translation invariant state on B and (1-1,71,^1) be the asso- 
ciated GNS space. Let E be the support projection of cu in 7r^{Bo)" i.e. 
E — [K^^{Bo)'i^]. Invariance property will ensure that uj{E9n{I — E)E) — 
and for all n > 0, 9n{E) being an element in t^^{Bo)" , we conclude that 
EOnil - E)E = Q &.-ad so dn{E) > E for all n > 0. a; is said to be Kol- 
mogorov if 6n{E) \, \VL >< VL\ as n \, —00. 
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Let {Ho, T^too, ^o) be the GNS space associated with {Bq, ujq) where uq is the 
restriction of u to Bq and P be the support projection of uiq in tTojo{Bo)" i.e. 
P — [7ra;o('So)'^o]- Once more we will have sub-normal property 9n{P) > P for 
all n > and Pen{X)P = P9n{PXP)P for all X e 7r^(Bo)" and n>0. We 
also set 

T„(x) = P6n{PxP)P 

for all n e for all x & Aq which we take as the corner von-Neumann 
algebra Aq = Piri^oiBo)" P. Note also that r„ = T^^--r^^ where {r'" : 1 < 
r < A;} is a commuting family of unital completely positive normal maps on Aq 
determined by the semi-group of endomorphisms with respect to standard basis 
vectors of the lattice. Commuting property follows from commuting property 
of endomorphism and sub-normal property of P. 

The GNS space {T-Lo,t^ujo,^o) is isomorphic to sub- representation 
(^^[0, TTo;, f2) where H[o = [7r^(-Bo)f2] and tt^; : Ho — >■ B('H[o) is the restriction 
of the representation n^^ on TiiQ. As in Proposition 3.1 taking Bq = Bq we also 
find an isomorphism h : ni^iBo)" T^ojoi^o)"- 

Wc also set Aq = Eq'k^{B[o))"Eq where i„ : Hq — )■ Bin is the injective map 
in the directed limit set of C*-algebras. We set jt : J\fo B{H) injective 
homomorphism defined by 

3t{x) = 9t{EoxEo) 

As in Proposition 3.1 we also have /i(Ao) = and h o r]t{x) = Tt{h{x)) for all 
X E N'o and t>0 via the co- variance relation ho 9t — OfO h on ^^{Bq)" for all 
t>0. 

We now set a net of von-Neumann algebras A\t — T^u}{^]t)" for all t e Zk- 
By von-Neumann's density theorem cu is pure if and only if ^te^k^\t — BlT-L). 
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Though we do not have a global weak Markov property, we do have weak 
Markov property in a totally ordered subset of the lattice. The crucial point 
that by our construction we still have 

EtAitEt^ jtiMo)) 

which essentially takes over the role of weak Markov property and makes it 
enough to investigate asymptotic behavior of oj on B. In the following we sum 
up our results on higher dimensional lattice. 

THEOREM 5.1: Let a; be a translation invariant state on = 0^j^,M|'(I7). 

(a) (x! is Kolmogorov if and only if rt{x) — )■ (/>o(x) in strong operator topology 
as i — >■ oo for all X e where (f)Q{x) —< flo, PxPflo >. 

(b) u is pure if there exists a sequence of elements Xn G Aq and tn G such 
that for each s e we have XnTs-t„{x) ~^ 4^o{x) in strong operator topology 
as — >■ — og for all x e ^o- 

(c) If u) is pure then tTu{Bo)" is either type-I or a type-Ill factor. 

(d) If ^0 is a type-I von-Neumann algebra with center completely atomic then 
strong mixing, pure and Kolmogorov property of oo are equivalent. 

(e) If CO is Kolmogorov then {B,9n,uj) and {B,9n,(^x) are isomorphic as C*- 
dynamical systems where cux — <S>neZk^^\ is a pure translation invariant product 
state on B where <^^(ep = AjAj and A = (Aj) is an unit vector in for all n. 
Mean entropy of such an element ou with Kolmogorov's property is zero. 

PROOF: For (a) we check the following steps for X, F e A\s with notation 

js(x) = EsXEs and js{y) = EsYEs for some x,y E Aq: for alH < s 

< XQ, EtYQ >=< EtEsXEsEft, EtEsYEsEft > 
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< jt{vs-t{x))n, jt{vs-t{y))^ > 
= (l)o{vs-t{^*)vs-t{y)) M^*)My) 

as t ^ — og where the last Umit holds if and only if r]t{x) 4>o{x) strongly 
as i — >■ oo for each a; e by separating property of fl for ^o- Now use h to 
complete the proof for (a). 

(b) follows along the same line of Theorem 2.1 aided with Kaplansky's den- 
sity theorem and EtA\tEt = jt{Afo) to ensure purity is equivalent to existence 
of an element ,r„ G and tn G such that jtn{xn) — )■ 1^2 >< r2| in strong op- 
erator topology. We may identify Ao with via the isomorphism. Rest of the 
proof also goes along the same hne that of Theorem 2.1 with httle modification 
that we used here for Kolmogorov's property. 

Proof of (c) goes along the same hne of Theorem 3.4. We give here an 
outline. Suppose not i.e. 7rc^(Bo)" is a type-II factor and then so is — 
Ptt^^{Bq)" P. Let p be a finite projection in Aq. Then jo(p) is also a finite 
projection in A\t for all t < 0. So by purity we have jo(p)(Vt<o^[t)jo(p) is 
equal to the set of bounded operators on joip). Once again for each t < 0, 
M-t — Jo(p)^[tJo(p) is a type-Ill factor and Vt<oAlt admits a faithful trace [Di] 
and so we brings a contradiction as in Theorem 3.4. 

Proof of (d) also follows along the same hne of the proof for Theorem 2.7 
once we note that the steps where we used weak Markov process can be replaced 
by the relation EtA\tEt_ = jt{Ao) since [^[ffi] 'f I as t I — og where we have 
identified with Ao via the map h. Rest of the proof goes along the same 
line. 

Any translation invariant pure state on B with Kolmogorov's property give 
rises to a Mackey's system of imprimitivity with relation Sjn{En Q \^ >< 
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Q\)S^ = En+m — 1^ >< ^1 for the locally compact abelian group with 
Mackey index Hq, where S'„ is the unitary operator on the GNS space imple- 
menting the shift dn- That it is of index 'Aq follows along the same line since 
Bq is a simple infinite dimensional C*-algebra being the inductive limit of sim- 
ple matrix C* algebra. Thus the result follows by an application of Mackey's 
theorem for the group which ensures an inter-twiner operator between two 
such dynamics. ■ 



6 Appendix: 

Here we give a sketch leaving details as it requires quite a different involved 
framework to prove our claim that the unique ground state ujxy of Hxy 
[AraMa] model when restricted to one side of the chain ( or ) is faithful. 
We refer to Chapter 6 of the monograph [EvKa] for details on the mathematical 
set up for the Fermion algebra and what follows now is based on [Ma3]. Let % 
be a complex separable infinite dimensional Hilbert space ("H = LP'iR)) and con- 
sider the universal simple unital C*-algebra Af generated by {a(/) : / e %} 
over l-L where a : — > is a conjugate linear map satisfying 

aif)ai9) + a'{g)a{f) = 

a{f)a{gr + a{gra{f) ^< gj > 1 

For an orthonormal basis {ej : j e for T-L we fix an unitary operator 
U : Cj ^ Cj if J > 1 otherwise —ej. The universal property of CAR algebra 
ensures an automorphism a;_ on Af via the second quantization a{f) — )■ a{U f) 
i.e. a{ej) — >■ a{ej) if j > 1 otherwise a{ej) — >■ —a{ej) for j < 1, where ej{i) — Sj 
is the Dirac functions on j. Let Af — Af x the cross-product C*-algebra. 

Now we consider Pauh's C*-algebra Ap — ®:sM2{C) with grading 
q;_((T^) = a^,a{a^) — —a^ and Q;(cr^) = — cr^ where (Tx,CFy,az are Pauh spin 
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matrices if A; < 1 and Q;_(cr^) = for all w = x,y,z ioi k > 1. We consider 
the cross-product C*-algebra Ap — Ap x |^2- Jordan- Wigner transformation 
map J which takes 

ai ^ 2a(e,)*a(e,) -1,4^ TSMej) + a(e,)*), ^ T5,i(a(e,) - a(e,)*) 

where T — ^k<oO'z "Sj- = 1 if i = 1, Sj — 0i<jk<j-icr^ if j > 1 and 
— ®j<fe<oC2 if J < 1 identifies Af with as the Jordan map is co- variant 
with grading automorphism q;_ and thus via this map we have also identified 
Ap with Ap. There is a one to one affine correspondence between the set of 
even states of Ap and Af- 

XY model Hxy = ~ Y^k '^x'^x^^ + '^y'^y'^^ i^ even Hamiltonian and the 
KMS state at inverse temperature being unique o;^ is also an even state. 
Thus the low temperature limiting state is also even and the ground state being 
unique it is also pure and translation invariant. The unique ground state cuxy 
of XY model [AraMa] once restricted to Ap can be identified as restriction of 
a quasi-free state on Af to .4^. 

Now by a lemma of Antony Wassermann [Wa, page 496] we have the fol- 
lowing. Since the closed real subspace JC = {/ G "H : f{x) = f{x)} which 
we identify with the closed subspace generated hy {ej : j > 1} satisfies the 
condition K, + iK, dense in ( we have equality ) and )Cf]i]C — {0}, we get 
Q is also cyclic and separating for 7r{Ap)" i.e. [7r(^J)"Jl] = [7r(^p)"Q] where 
{H, TT, Q) is the GNS space of {Af, ujxy), where ojxy is unique quasi-free state 
associated with unique ground state via Jordan map. Now going back to Ap, 
we find uxY on Ap is faithful. 
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